We present an effective classical theory for the soft modes of a high temperature non-Abelian plasma. This theory is formulated in local Hamiltonian form, and is well suited for numerical non-perturbative studies of the real-time dynamics. It includes the short-range dynamics in the hard thermal loop approximation, with appropriate corrections which take care of the cutoff effects in a gauge-invariant way. By using this theory for lattice calculations, one should be able to compute the rate of anomalous baryon number violation, thus solving a recent controversy.
Since Euclidean lattice gauge theory, which is the standard non-perturbative tool, is not well-suited for real-time calculations, much effort has been spent on numerical simulations of the classical Yang-Mills theory [2, 3, 4] . The justification for the classical approximation is that the relevant soft modes have large thermal occupation numbers and should therefore exhibit a classical behaviour. However, it has been recently recognized [5, 6] that the high-temperature baryon violation rate Γ could be sensitive to the hard thermal modes (with momenta ∼ T ), for which the classical description is not appropriate (recall, e.g., the Rayleigh-Jeans ultraviolet divergence). The hard modes cause the damping of the soft field configurations, an effect which is predicted to reduce Γ by a factor of g 2 as compared with its classical estimate.
In order to verify this prediction, and eventually compute Γ, one has to treat properly the hard, quantum, modes. Since the latter are perturbative, they can be explicitly integrated over to yield an effective theory for the soft modes, to be eventually used in classical numerical simulations. The effective theory obtained by integrating out the hard modes to leading order in g involves non-local corrections to the soft fields propagators and vertices, known as "hard thermal loops" (HTL) [7, 8, 9] . They encompass the damping phenomena alluded to before.
It has been already proposed in Ref. [10] to use the HTL effective theory as a classical lattice theory for computing Γ (see also Refs. [6, 11] ), but this raised some technical problems which remained unsolved up to now. The first problem refers to the gauge-invariant implementation of the intermediate scale µ separating hard from soft degrees of freedom: There is no such a scale in the original HTL theory, neither can this be introduced as an infrared cutoff in the hard thermal loops without breaking gauge symmetry. Another source of difficulties is the non-local character of the HTL effective theory, which makes it impractical for explicit calculations. Recall that, in order to compute classical thermal expectation values, one has to solve first the equations of motion for given initial conditions which are then averaged over the classical phase space with the canonical weight exp(−βH); but these steps are not straightforward for a non-local theory, which is not in Hamiltonian form. Also, numerically solving non-local equations of motion is very tedious. There exists a natural theoretical framework to address this problem, which is the local formulation of the HTL theory developed in Refs. [9, 12, 13] . However, a previous attempt to exploit this formalism [10] failed because of the cutoff problem alluded to before. Another proposal [6] was to replace the phase-space thermal average with a Langevin equation. But the final equations proposed in [6] remain non-local, and, besides, they suffer from conceptual problems (see below).
The purpose of this Letter is to give an explicit solution to the problems above, and thus provide a well-defined, gauge-invariant, classical theory for the soft modes which (1) includes the hard modes effects in the HTL approximation and (2) is local and therefore well suited for real-time numerical simulations. The effective Hamiltonian will depend explicitly on the intermediate scale µ, which is chosen to satisfy gT ≪ µ ≪ T so that the standard (i.e., unresummed [7] ) perturbation theory applies in the hard sector. Correspondingly, the classical phase-space calculations should be performed with an ultraviolet cutoff Λ cl ∼ µ (e.g., the inverse lattice spacing), chosen so as to cancel the µ-dependence in the final results, within the desired accuracy (see below).
Our construction relies in an essential way on the local formulation of the HTL theory [9] , which involves a set of coupled equations of motion for the soft fields and their induced current. The soft fields A a µ (x) satisfy the Yang-Mills equations with an induced current in the right hand side:
where 
induced current, which is related to the color fluctuations of the hard thermal particles:
In this equation, δN(k, x) ≡ δN a (k, x) T a is a phase-space color density matrix for hard gluons (|k| ∼ T ), which describes long-wavelength color correlations as induced by the
and v ≡ k/k is the velocity of the hard particle (k ≡ |k|, and |v| = 1). The system is closed by the kinetic equation for the density matrix, which is a non-Abelian generalization of the Vlasov equation:
where Note that the hard degrees of freedom are still explicit in the above equations, through the color density matrix δN(k, x). In order to eliminate them and obtain an effective theory involving the soft fields alone, it is necessary to first solve eq. (3) and then use eq. (2) to express j as a functional of the fields A a µ . Then, the HTL's follow as the coefficients of the expansion of j in powers of A [9] . However, the resulting current j[A] is non-local in space and time, which is not convenient for our present purposes. In what follows, we shall rather preserve the local equations (1)- (3) and regard δN a (k, x) as auxiliary fields.
In order to use these equations for classical thermal calculations, one needs to (i) introduce a cutoff separating between hard and soft momenta; (ii) properly identify the independent degrees of freedom (those which define the classical phase space) and (iii) write down the corresponding Hamiltonian. We shall address these problems in this order:
(i) By inspection of eqs. (1)- (3), it is quite obvious how to introduce the intermediate scale µ: since k is the momentum carried by the hard particles, it is sufficient to integrate in eq. (2) with a lower cutoff equal to µ. Manifestly, this procedure preserves gauge symmetry (since eq. (3) is gauge covariant for any value of k), and the ensuing µ-dependent current will be covariantly conserved. Given the difficulty to introduce a gauge-invariant cutoff in the usual loop calculations, it is remarkable that this can be done so easily in the present formalism. This is related to the gauge-covariant construction of the color density matrix δN(k, x) [9, 15] : the momentum k which appears in eqs. (2)- (3) is the gauge-invariant kinetic momentum, rather than the canonical momentum which enters the diagrammatic calculations.
(ii) From eq. (3), we note that the v and k-dependence can be factorized in δN
by writing:
The new functions W a (x, v) are the auxiliary fields which will enter the Hamiltonian below.
With eq. (4), the radial integration in eq. (2) can be worked out, with the result
where the angular integral dΩ runs over the unit sphere spanned by v, and suppressed by a factor of µ/T , and, strictly speaking, stays beyond the HTL approximation.
However, in the context of the effective theory (where µ enters also as an ultraviolet cutoff for the soft modes), the µ-dependent piece in eq. (6) must be kept as a counterterm to cancel the cutoff dependence in the final results (see below).
(iii) The Hamiltonian analysis of the HTL theory has been first given by Nair [12] (see also [13] ). In the gauge A a 0 = 0, the independent degrees of freedom are E a i , A a i and W a , and the corresponding equations of motion read (cf. eqs. (1), (3), (4) and (5)) :
to which one must add Gauss' law:
The associated Hamiltonian reads [12, 13] 
By using the following Poisson brackets [12, 15] 
is the delta function on the unit sphere, and all the other Poisson brackets vanish) :
one can verify that eqs. (7) follow indeed as canonical equations for the Hamiltonian (9).
Note that the Hamiltonian theory involves the extended configuration space E 3 × S 2 , with E 3 being the ordinary three-dimensional space, and S 2 the unit sphere, as spanned by v.
Eqs. (7)- (9) express the effective theory in a form which is well-suited for classical thermal calculations. Specifically, the thermal correlation functions of the field A i a can be obtained from the following generating functional:
where A i a (x) is the solution to eqs. (7) with the initial conditions {E
, etc., with arbitrary t 0 ), and H is expressed in terms of the initial fields.
Since the dynamics is gauge-invariant, it is sufficient to enforce Gauss' law at t = t 0 :
Furthermore, by translational invariance in time, Z cl [J] is independent of t 0 .
As a check, one can verify that for J a i = 0 eq. (11) yields the result expected from dimensional reduction [16] , that is,
where the A 
is the one "hard" loop correction to the Debye mass in the effective theory (the numerical coefficient κ depends upon the details of the UV regularization). The matching condition then follows by comparing eqs. (6) and (14):
However, there is a flaw in the above argument, as related to the subtleties of the UV regularization: the cutoff Λ cl cannot be introduced as a sharp momentum cutoff, since this would break gauge symmetry. But standard gauge-invariant regularization methods (like lattice regularization) break down some other symmetries (namely, rotational invariance and/or dilatation invariance), and this complicates the UV structure of the ensuing classical theory [10, 14] . Specifically, the cutoff-dependent one-loop corrections in the effective theory are no longer characterized by a single energy scale, and the matching cannot work as simply as above.
Still, it has been recently shown by Arnold [14] that the lattice artifacts can be systematically eliminated by using improved lattice Hamiltonians. The arguments in Ref.
[14] has been developed for a fully classical Yang-Mills theory (where the limit Λ cl → ∞ must be eventually taken), but they can be readily adapted to our present effective theory [15] . The construction of an effective lattice theory which yields a cutoff independent result for Γ (up to corrections of order g 2 ln(µ/g 2 T ), as coming from two hard loop effects [15] ) may be achieved in two steps: First, the effective theory is formulated as a continuum cutoff theory, with a gauge-invariant UV cutoff Λ cl provided by higher derivative terms.
This has still problems with dilatation invariance, but it is possible to identify the "hard" (i.e., ∼ g 2 T Λ cl ) classical scale which is relevant for the baryon violation processes [14] , and then perform the matching for that particular scale, thus fixing Λ cl as a function of µ. Then, to actually compute Γ, the cutoff classical theory should be put on a fine lattice (with small lattice spacing a ≪ 1/µ), and the continuum limit a → 0 should be eventually taken: because of the explicit UV cutoff Λ cl , the continuum limit will be harmless.
Since the above matching procedure is rather involved, let us also mention a more economical scheme, which is to put the effective theory on a standard (spatial) lattice with relatively large lattice spacing a ∼ 1/gT . This corresponds to an intermediate scale µ ∼ gT , for which the cutoff effects are down by a factor of µ/T ∼ g with respect to the HTL's (cf. eqs. (6) and (14)). Accordingly, one might expect this scheme to provide a correct leading order estimate for Γ without precise matching. The problem with this method, however, is that by increasing the lattice spacing, one also increases the sensitivity of the long-range (λ ∼ 1/g 2 T ) non-perturbative physics to the lattice artifacts. In practice, the choice of one procedure or the other should ultimately depend on our ability to control the lattice artifacts (especially, the loss in rotational invariance), and also on the accuracy that we require for the final results.
For comparaison with the results in [6] , and also in view of numerical calculations, we finally consider a Langevin equation associated to eqs. (7)- (11) . The relevant random force is provided by the thermal fluctuations of the hard particles, which generate a fluctuating piece in the color current (5). In our formalism, this is described by fluctuations in the initial conditions W a (x, v) which, according to eq. (11), can be seen as Gaussian random variables with local correlation function:
To isolate the fluctuating part of the current, we write W a = W It is easy to see that (we set t 0 = 0 and x 0 = t):
where U(x, y) is the parallel transporter along the straight line going from y to x. The current (5) can now be written as
where ξ a µ denotes the fluctuating piece,
proportional to the random variables W a . With this current, eqs. (7)- (8) however, that this "random force" is not a white-noise, and actually not even a Gaussian stochastic process (except in the Abelian case), which explains the difficulties met in Ref.
[6] when trying to construct a more conventional Langevin equation. In fact, one can formally use eqs. (15) and (18) 
which is the result presented in Refs. [6] . However, the above "derivation" has overlooked the fact that the gauge fields in U(x, y) are not passive under the averaging procedure, but they are rather related to the random variables W a by the equations of motion. Besides not being fully consistent, eq. (19) is also non-local and gauge field dependent, which makes it impractical for numerical simulations. By contrast, the time-independent random variables W a (x, v) are Gaussian and locally distributed in the configuration space E 3 ×S 2 , and their numerical simulation should not pose special problems.
In summary, we have provided the effective classical theory which includes the effects of the HTL's on the soft field dynamics. Once implemented as a lattice theory, this formalism should allow for systematic numerical studies of the long-range non-perturbative dynamics. Important applications include the high-T anomalous baryon number violation, the dynamics of the electroweak phase transition (which requires adding the Higgs field to the above theory), and non-perturbative properties of a hot quark-gluon plasma.
